Infinite dimensional Grassmannians 



Alberto Abbondandolo Pietro Majer 

Dipartimento di Matematica Dipartimento di Matematica 

Universita di Pisa Universita di Pisa 

Largo Bruno Pontecorvo, 5 Largo Bruno Pontecorvo, 5 

56127 Pisa, Italy. 56127 Pisa, Italy. 

June 16, 2008 



Introduction 

Infinite dimensional Grassmannians play a relevant role in many fields of mathematics. For in- 
stance, they appear as classifying spaces in the homotopy theory of classical groups (see |Bot59j ). 
they provide a natural setting to study completely integrable systems and loop groups (see 
[Sat811 ISW851 IPS861 lGue97l IArb02| ). Furthermore, they turn out to be significant in the Morse 
theory of infinite dimensional manifolds (see |CJS95| . [A"M05j. Jos02]). 

This paper is devoted to a systematic study of the analytic and nomotopic properties of some 
infinite dimensional Grassmannians. 

After having established some useful facts about the set of symmetric idempotent elements of 
a Banach *-algebra, we recall the properties of the Grassmannian Gr(H) of all closed subspaces 
of a real or complex Hilbert space H, and then we focus our analysis on the following topics. 

We study the space of Fredholm pairs Fp(ff), i.e. the set of pairs of closed linear subspaces 
(V, W) of H having finite dimensional intersection and finite codimensional sum, and its open and 
closed subset Fp*(ff) consisting of the Fredholm pairs (V, W) with dim V = dim W = oo. These 
are analytic Banach manifolds, and we show that each component of Fp* (H) has the homotopy 
type of BO - in the real case - or BU - in the complex case, the classifying spaces of the infinite 
orthogonal group, respectively of the infinite unitary group (see [AS69j for similar results about 
the homotopy type of the space of skew-adjoint Fredholm operators). 

We study the Grassmannian Gr c (V,H) of all compact perturbations of the closed linear sub- 
space V C H, i.e. of all the closed linear subspaces W c H such that the orthogonal projec- 
tion onto W differs from the orthogonal projection onto V by a compact operator. This space 
is called restricted Grassmannian by some authors (see CJS95], where this space is considered 
with a weaker topology, or |PS86| , where the ideal of compact operators is replaced by the ideal 
of Hilbert- Schmidt operators). It has the structure of an analytic Banach manifold, but when 
dimV^ = codimT^ = oo, as a subset of Gr(_ff) it is just a topological submanifold. In the latter 
case, each component of Gr c (V,H) has the homotopy type of BO - if H is real - or of BU - if 
H is complex. A similar result is proved in |PS86| - the Hilbert- Schmidt case is treated in that 
reference, but the difference turns out to be irrelevant from the point of view of homotopy theory. 
The proof we give here is somehow more direct. 

We study the essential Grassmannian Gr e (H), i.e. the quotient of Gr(H) by the equivalence 
relation V ~ W iff V is a compact perturbation of W. This is also an analytic Banach manifold, 
isometric to the space of symmetric idempotent elements in the Calkin algebra, and its homotopy 
type is easily determined. Quotient spaces by finer equivalence relations, taking the Fredholm 
index into account, are also introduced and studied. 
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We define the determinant bundle over Fp(H) as an analytic line bundle whose fiber at (V, W) £ 
Fp(H) is the top degree component in the exterior algebra of the finite dimensional space (V n 
W) © (H/(V + W))* . The space of Fredholm pairs is in some sense the larger space on which the 
determinant bundle can be defined, and from this it is possible to deduce the construction of other 
line bundles, such as the determinant bundle over the space of Fredholm operators introduced by 
Quillcn | Qui85| , or the determinant bundle over the Grassmannian of compact perturbations of 
a given infinite dimensional and infinite codimensional space (see }SW85| lPS86| ). We also show 
that the composition of Fredholm operators can be lifted analytically to the Quillen determinant 
bundles, and that such a lift has a useful associativity property. These facts are used to show 
how the sum of a finite dimensional space to one of the elements in a Fredholm pair can be lifted 
analytically to the determinant bundles, and to prove associativity for such a construction. 

In the case of a real Hilbert space H, the determinant bundle over the space of Fredholm pairs 
Fp*(H) induces a double covering of Fp*(JJ), called its the orientation bundle. This is an explicit 
presentation of the universal covering of Fp* (H) . The associativity property of determinant bun- 
dles implies that the orientation bundle can be used quite effectively to determine orientations of 
finite dimensional linear spaces which are found as transverse intersections of infinite dimensional 
ones. These facts are used in A M05] to associate a chain complex with integer coefficients to 
functionals defined on infinite dimensional manifolds, having critical points with infinite Morse 
index. 

Two appendices conclude the paper. In the first one, we prove the existence of a continuous 
global section for a continuous linear surjective map between Banach spaces, a result which is used 
several times in the paper. In the second one, we prove the above mentioned associativity for the 
composition of Fredholm operators lifted to the determinant bundles. 

This work was partially written while the second author was visiting the Forschungsinstitut 
fur Mathematik of the ETH in Zurich. He wishes to thank the Institute for the very warm 
hospitality. We wish to express our gratitude to Andrea Maffei for an enlightening discussion 
about determinant bundles. 

1 A few facts about Banach algebras 

Let A be a real or complex Banach *-algebra, that is a real or complex Banach algebra A endowed 
with an involution map *. The involution x i— > x* satisfies the following properties: 

x** = x, (xy)*=y*x*, \\x*\\ = x* , (x + y)* = x* + y* , (\x)*=\x*, 

where A is a real respectively a complex number. Let Sym(*4) = {a; £ A | x* = x} and Skew(_4) = 
{x € A | x* — — x} be the subspaces of symmetric and skew-symmetric elements of A, so that 
A = Sym(„4) © Skew(^4). Denote by U(A) the group of unitary elements of A, 

U(A) := {u e A | u*u = uu* = 1} , 
and by P s (A) the set of symmetric idempotent elements of A, 

P S (A) := {p E Sym(A) \ p 2 = p} . 
The aim of this section is to prove the following facts. 

Proposition 1.1 The set P S (A) of symmetric idempotent elements of the Banach *-algebra A 
is an analytic Banach submanifold of A. 

Proposition 1.2 Consider the analytic group action 

U{A) x P S {A) -> P S {A), (u,p)^upu~ 1 . 
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The orbit of every p G P S (A), U(A) ■ p ■— {upu^ 1 \ u G U{A)\, is open and closed in P S (A), and 
the map 

U{A) -> U{A) -p, u 1 > upu -1 , 
is an analytic principal I (p) -bundle, where I(p) is the isotropy subgroup of p, 

I(p) := {u G U(A) | upu -1 = p) . 

Proposition 1.3 J/$ : A^> B is a surjective homomorphism of Banach *-algebras, its restriction 
to the space of symmetric idempotent elements 

$\ P . (A) : P S {A) P s (£), 

is a C° fiber bundle (possibly with a non-constant fiber). It is an analytic fiber bundle if and only 
if the linear subspace Ker $ n Skew(_4) has a direct summand in A. 

Remark 1.4 The above results hold also in a Banach algebra setting, by dropping the symmetry 
requirement, and by replacing the group of unitary elements by the group of invertible elements. 

Square roots of 1. An element p G A is symmetric and idempotent if and only if 2p — 1 is a 
symmetric square root of 1. This fact allows us to deduce the above propositions by analogous 
statements for the space 

Q S (A) := {q G Sym(A) \ q 2 = 1} . 

Denote by || • || the norm of A, and by B r (a) the open ball of radius r centered in a G A. The set 
Q s (A) is a closed subset of U (A) , in particular every q G Q s (A) has norm 1 . The elements 1 and 
— 1 are isolated in Q S (A). More precisely 

Q s (A)nB 2 (l) = {l}, Q s (A)nB 2 (-l) = {-l}. (1.1) 

Indeed, q 2 = 1 implies 2(1 — q) = (l-q) 2 , whence 2||1 — qr|| < ||l-gj| 2 , and hence either ||1 — q\\ = 
or || 1 — s|| > 2, proving the first identity. The second identity follows, because — Q S (A) = Q S (A). 

Notice that every q G Q S (A) determines a decomposition Sym(*4) = A s (q) © C s (q) into the 
symmetric anti-commutant and the symmetric commutant of q: 

A s (q) ={a£ Sym(.4) | aq = -qa} , C s (q) ={a£ Sym(.4) | aq = qa} . 

Indeed, the corresponding projections are 

Sym(A) -> A s (q), a^^(a-qaq), 
Sym(A) ->C s (q), a ^ i (a + qaq) . 
Lemma 1.5 Let q e Q S (A). Then the map 

<t> q : B^ /2 (0) n A s (q) -» C s (q), x i > (1 x 2 )^q, 
is analytic, and Q s (A) is locally the graph of <j> q : 

Q S (A) n [(5/3 /2 (0) n A s (q)) x (B l/2 (q) n C s (q))] = graph^. 

Proof. Let x G f^^O) n A s (q). Since V3/2 < 1, a square root of 1 — x 2 is well-defined: 
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So <j) q is analytic on B^^ 2 (Q). Moreover, z is invertible and 

zl = ^ - ^ = £w (~T ) x2k = 1\ (~T) V 2k - 

k=0 V / k=0 V / 

Since the coefficients of the above series are positive, we obtain the inequalities 

Hi-zii^i-a-iNi 2 )^! (i.2) 

lk- X || < (1- ll^ll 2 )"* < 2, (1.3) 

!|1 — ^ 1 1| < (1- ||x|| 2 )-^ -1< 1. (1.4) 

From (|1.2p we have 

ll9-0g(a;)|| = ||«-«?||<||i-^||NI<^. 

Since x anti-commutes with q, z commutes with q, and so does 4> q (x) = zq. Therefore, <p q maps 
^73/2(0) n A s (q) into B 1/2 (q) n C s (q). 

Let p G Q S {A), p = x + y with x S £73/2 (°) fl ^(9), y G B 1/2 (q) n C s (g). We claim that 
y = (f> q (x), that is z~ x yq = 1, with z as before. By (jl.ip . it is enough to show that (z~ x yq) 2 = 1 
and llz^ 1 ?/^ — 1|| < 2. Since 

.t 2 +y 2 G C s (<j), xy + yx £ A s (q) 7 

and x 2 + j/ 2 + xy + yx — p 2 = 1 G C s (q), from Sym(^4) = A s (q) © C s (q) we deduce that x 2 + y 2 = 1 
and xy + yx = 0. Therefore, [y, a; 2 ] = 0, whence [y, z^ 1 } = 0. Using also [q, z~ x ] = 0, we obtain 
that (z~ 1 yq) 2 = 1. Moreover, 

Wz-'yq-lW < Wz-'yq-z-'W + Wz-'-lW < Wz^W \\ y q-q 2 \\ + ||^- 1 -1|| < U^H ||y-g|| + ||z-i-l||, 
so by |T3]) and (fL4"j) . 

<%-g|| + l<2, 

concluding the proof of the claim, by (|1.1| . 

On the other hand, let p = .t + <j> q {x), with 2 G -8^/2(0) ^ j ^ s ( < ?)- Then, since xq = —qx and 
zq = qz, we conclude that p 2 = 1. □ 

The above lemma has the following consequence, which implies Proposition I l.U 

Proposition 1.6 The set Q S (A) of symmetric square roots of I in the Banach *-algebra A is an 
analytic submanifold of A, and its tangent space at q G Q S (A) is the symmetric anti-commutant 
A s (q) ofq. 

The action of U(A) on Q s („4). The group U(A) acts analytically on Q S (A), by 

U(A) x Q S {A) -> Q S (A), {u,q)^uqu-\ 

and the isotropy subgroup of q G Q S (A) is 

I(q) := {u G U(A) I uqu- 1 = q} = U{A) D C(g), 

where C(g) denotes the commutant subalgebra of the element q. The bijection P S (A) — > Q S (A), 
p 1— > 2p — 1, commutes with the respective actions of £/(„4), so Proposition 11.21 is implied by the 
following: 
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Proposition 1.7 The orbit of every q £ Q S (A), U(A) ■ q := {uqu 1 | u £ U(A)}, is open and 
closed in Q S {A), and the map 

tb q :U(A) -> U(A) ■ q, u^uqu^ 1 , 

is an analytic principal (U(A) (~1 C{q))-bundle. 

Proof. By a well known simple argument (see for instance [Ste51, section 7.4]), it is enough 
to prove that the map ip q has an analytic local section near q. Let q £ Q S (A). Note that B\{q) 
consists of invertible elements: if a € Bi(q), then \\aq — 1|| = \\aq — q 2 \\ < \\a — q\\ < 1, thus aq is 
invertible, and so is a. If p £ B 2 {q) n Q S (A), then (p + q)/2 £ B\{q). So p + q is invertible, and 
the map 

s:B 2 (q)nQ s (A)^U(A), P^{p + q)\p + q\- l q 
is analytic. Since q commutes with (p + q) 2 , it commutes also with \p + ql^ 1 , so 

ps(p) = (p + q)q\p + q\~ 1 q = (p + q) \p + q^ 1 = s(p)q, 

implying that s is an analytic local section near q for the map if) q . □ 



Surjective homomorphisms. Since the bijection P S (A) — > Q S (A), p i— ► 2p— 1, commutes with 
Banach *-algebra homomorphisms, statement (ii) of the following proposition implies Proposition 
PI 

Proposition 1.8 Lei $ : A— > B be a surjective homomorphism of Banach *-algebras. 
(i) The group homomorphism 

*v ■= $\u(A) ■ U(A) U{B) 
is a C° principal bundle (possibly with a non constant fiber). 

(ii) The restriction 

*Q° ■■= *\qha) ■ Q S (A) - Q S (B), 
is a C° fiber bundle (possibly with a non- constant fiber). 

(Hi) The maps &u an d are compatible with the group actions, meaning that the diagram 

U(A) x Q S {A) * gX * q ', U(B) x Q S (B) 



Q S (A) Q S (B) 

commutes. 

The bundles in (i) and (ii) are analytic if and only if the linear subspace Ker<!> n Skew(^4) has a 
direct summand in A. 

Proof. The restriction of $ to the subspaces of skew-symmetric elements, 

$lskcw(.4) : Skew(^l) -> Skew(S), 

is surjective, because A and B are the direct sum of the subspaces of their symmetric and skew- 
symmetric elements, and because $ is surjective. By Proposition IA. ll of Appendix A, the above 
map has a continuous global section, which can be chosen to be linear if and only if the linear 
subspace Ker$ n Skew(.A) has a direct summand in Skew(„4), or equivalently in A. The map 
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<I>|skow(*4) is locally conjugated at to $>u by the exponential map. Hence the map $>u has a 
continuous local section mapping lg to As already mentioned, this is equivalent to (i). 
Let q G Q S (B). By Proposition 1 1 . 71 the map 

i\) q : U(B) -> C/(S) • q, u^uqu- 1 , 

has an analytic local section mapping q to Is, so by composition we get a continuous local section 
for the map tp q o there exists a neighborhood Af C J7(S) ■ q of q, and a map 

a:tf^U(A), s(q) = l A , 

such that $(s(p))g , $(s(p)) _1 = p for every p G A/". Therefore, the continuous map 

is a local trivialization for $q s near g, proving (ii). 

Claim (iii) is readily checked. The last statement follows from the fact that $j/ has an analytic 
local section if and only if ker $ n Skew(yl) has a direct summand in A. □ 

Remark 1.9 The maps <f>u and <&qs need not be surjective. Indeed, if <fr : A —> B is the quotient 
map from the Banach algebra of bounded linear operators on a Hilbert space onto its Calkin algebra, 
then <f>jj is not onto: indeed, the image of <$>u * s the set of unitary elements in the Calkin algebra 
having index zero. As for the map &q*>, notice that if X is a compact Hausdorff space and Y is a 
closed subspace, the map $ : C{X) — > C(Y), f i— > f\y, is surjective, but $q s is surjective if and 
only if each connected component of X contains at most one connected component of Y (by the 
Gel'fand duality, see Wou98\. Theorem ^.29], this situation covers the general case of commutative 
complex C* -algebras). 

2 The Hilbert Grassmannian and the space of Fredholm 
pairs 

By L(E, F), respectively L C (E, F), we denote the space of continuous linear, respectively compact 
linear, maps from the Banach space E to the Banach space F. If F = E we also use the short forms 
L(E) and L C (E). The group of invertible linear maps on E is denoted by GL(E), and GL C (_E) 
denotes the subgroup of the compact perturbations of the identity. The norm of the operator 
T G L(E,F) is denoted by ||T||. 

Let now H be a real or complex infinite dimensional separable Hilbert space. The orthogonal 
projection onto a closed subspace V C H is denoted by Py, while V 1 - denotes the orthogonal com- 
plement of V in H. The unitary group of His denoted by U{H) = {U G GL(H) \U*U = UU* = 1} 
(in the real case it would be more appropriate to call U{H) the orthogonal group, and to denote 
it by 0(H), but since we wish to deal with the complex and the real case simultaneously, we do 
not make such a distinction). 

Let Gi(H) be the Grassmannian of H, i.e. the set of closed linear subspaces of H. The 
assignment V i— > Py is an inclusion of Gr(H) into L(£f), onto the closed subset of the orthogonal 
projectors of H . We can therefore define, for any V, W G Gr(iJ) the distance 

dist (V, W) := \\P V - Pw\\, 

which makes Gr(H) a complete metric space. We always consider the topology on Gr(iJ) in- 
duced by this distance. The weak topologies of L(H) induce other interesting topologies on the 
Grassmannian, whose properties are examined in |Shu96j . 
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Analytic structure of Gr(H). For any V E Gr(H), the unit open ball Bi(V) C Gr(H) is 
contractible, as shown by the homeomorphism 

*y :Bi(V) ^L(V,V X ), P v x(P v \w)~\ 
the inverse mapping being 

Vy 1 : L^y- 1 ) -> Bx(V), A i-> graph A. 

Indeed, \EV is well-defined because Py |iy is the restriction of the isomorphism 

/ - (P w - P v ){Pw - iV-0 = PyPw + Pv^Pw^ :W®W ± ^V®V ± . 

The collection {^v}veGi(H) is an analytic atlas, with transition maps 

y w oy- 1 (A)=P w x(I + A)[P w (I + A)]- 1 . 

Therefore, Gr(H) is an analytic Banach manifold. Actually, the identification V i— > Py allows to 
sec Gr(H) as an analytic submanifold of L(H), by Proposition ll.il 

Remark 2.1 It easily seen that the analytic structure on Gr(H) does not depend on the choice of 
the Hilbert inner product on H . In other words, if H = V © V then the map 

L(V,V') Gr(H), A i-> graph A, 

is an analytic coordinate system. 

Transverse intersections. We often use the fact that the map 

{(V, W) e Gi(H) x Gi-(H) | V + W = H} , (V,W)^Vf)W, 

is analytic. To prove this fact, let (V, W) be a pair of closed linear subspaces such that V + W = H 
and set H := V n W, ffi := P^f n V, ff 2 := Hfr n IF, so that 

P = Po © Pi © H 2 , V = H @H 1 , W = H ®H 2 . 

Consider the analytic coordinate system 

L(H ®Hi,H 2 ) x L{H ®H 2 ,H 1 ) Gr(P) x Gr(P), (A, B) h-> (graph A, graphs), 

mapping (0,0) into (V,W). If ||A|| < 1 and ||S|| < 1, then 

graph A n graph B = graph T(A, B), 

where T(A, B) 6 L(Po, Hi © P 2 ) is the linear mapping 

T(A, B) = (I Bo@Bl - BA)-\B + BA) + (I Ho ®h 2 - AB^A + AB) 
= A + B + AB + BA + ABA + BAB + ABAB + BAB A + . . . , 

which depends analytically on [A, B), proving the claim. 

We may also express Pvnw m terms of Py and Pw- First notice that if V + W is closed then 

\\P V P W -P vnw \\ < 1. (2.1) 

Indeed, in the case H = V © W, W is the graph of some L e L(V r± , V), and (HH) reduces to 

liwvi - nvw - Jiy < i. 
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The general case of a closed sum follows because 

PyPw — Pvnw — PyPw, 

where V := (V n W) (1 V, W := (V n W) P\ W are in direct sum in the closed linear subspace 
(Fn W)^ n (V + W). 

From the fact that X £\Y implies PxPy = PyPx = Px it follows that 

(PvPwY 1 - Pvnw = (PvPw - Pvnw) 71 - 

Together with (|2.ip . this implies that when V + W is closed, 

Pvnw = hm (P v P W ) n , 

n — >oo 

in the operator norm. Notice also that the above limit is uniform on the set of those pairs (F, W) 
with \\PyPw ~ Pvnw\ < < I. Since the function (V, W) i— > H-FVfW — Pvrwll is continuous on 
the open set of pairs (V, W) such that V + W — H, we conclude that on this space the analytic 
function Pvnw is the locally uniform limit of the sequence of monomials (Pv Pw) n ■ 

Homotopy of Gr(H). The connected components of Gr(H) are the subsets 

Gr nife (ii") := {V £ Gr(H) \ dimV = n, codim^ = k} , n,keNU {oo}, n + k = oo. 

The unitary group U(H) acts analytically and transitively on each component Gr n! fe(i7), and if 
V € Gr n! fe(i7), the map 

U(H) - Gv njk (H), U^UV, 

defines an analytic principal U{V) x [/(V"- 1 ) -bundle, by Proposition ll.2l (see also |Luf671 Corollary 
8.1]). In particular, the above map is a fibration. It is a well known result of Kuiper's that U (H) is 
contractible when H is an infinite dimensional Hilbert space (see [Kui65j ). so the exact homotopy 
sequence associated to the above fibration yields the following isomorphisms 

7r i (Gr„, 00 (if))^7r i (Gr 00 ,„(if)) = J 0, ,_ T , „ t % Z^ ^(^.ooW) = 0, V* € N. 

I 7Tj_i(GL(n)), if i > 1, 

Therefore, a theorem by Whitehead (see the Corollary after Theorem 15 in |Pal661 ) implies that 
Gr 0OiOO (/f) is contractible, while Gr„,oo(iJ) and Gr OCi „(i?) have the homotopy type of the classi- 
fying space of GL(ra). 

Stiefel spaces. Let n, k £ N U oo, n + k = oo. The Stiefel spaces St n ,k(H) are the sets 
St„ )00 (F) := {T e L(M" , H) \ T is injective} , n £ N, 

Stoo !r i(i?) := {T £ L(iJ) | T is semi-Fredholm of index — n and injective} , neNU {oo}, 

endowed with the operator norm topology. The map 

St n , k (H) -» Gi n , k (H), T ^ ranT, 

defines a GL(n)-principal bundle, in the case n < oo, and a GL(iJ)-principal bundle, in the 
case n — oo (see |Luf67| Theorem 8.6]). The Stiefel spaces St nt00 (H) are contractible, for every 
n £ N U {oo}, while 

^7r,_i(GL(n)), if i > 1, 

for n S N (see |Luf67| Corollary 8.4]). 
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Predholm pairs. A pair (V, W) of closed subspaces of H is said a Fredholm pair if V n W is 
finite dimensional, and V + W is finite codimensional, hence closed (see |Kat80[ section IV §4] ) . 
In this situation, the Fredholm index of (V, W) is the integer number 

ind (V, W) = dim V n W ~ codim(V + W). 

The pair (V, W) is Fredholm if and only if the operator Pyyx \v & L(^> W^~) is Fredholm, in which 
case ind (V, W) — ind (Pw± \v)- 

The set of Fredholm pairs in H is denoted by Fp(H). If X, Y £ Gr(H), with dim A < oo and 
codiml" < oo , then (X, Y) is a Fredholm pair, of index 

ind (X, Y) = dim X - codimF. 

If (V", W) is a Fredholm pair, and V £ Gr 00i00 (if), then also W £ Gr 00i00 (i7). Therefore we set 

Fp*{H) := {(V,W) £ Fp(H) \ V,W £ Gr^H)} . 

Homotopy of Fp(H). The space Fp(iJ) is open in Gr(H) x Gr(H), and the index is a continuous 
function on Fp(iJ). It is easily checked that the connected components of Fp(_ff) are the subsets 

Gr„ i0O (if) x Groo^ff), Groo^iH) x Gi m<00 (H), n,m £ N, 
Fp^(iJ) := {(V,W) £ Fp*(H) | ind (7, WO = k} , k £ Z. 

The homotopy type of the first two families of spaces can be deduced from the results seen before. 
As for the homotopy type of Fp£ (H) , we recall some definitions and basic facts. 

Let GL be be the infinite linear group, that is the inductive limit GL = limGL(n). In the 

complex case, GL has the homotopy type of U = \imU(n), the infinite unitary group, while in the 

real case it has the homotopy type of O = limO(n), the infinite orthogonal group. By the Bott 

periodicity theorem [Bpt59 , for i > 0, 

_ ... , , 'Za if i = 0,1 (mod 8), 

7Ti(U) = i ' MO) = {Q if i = 2,4,5,6 (mod 8), (2.2) 



if i is even, 



Z if i = 3, 7 (mod . 



By BGL we denote the classifying space (see [Dol63l §7]) of the topological group GL: in the 
complex case, BGL has the homotopy type of BU, the classifying space of U, while in the real 
case it has the homotopy type of BO, the classifying space of O. The spaces BU and BO are path 
connected, and (|2.2p implies that for i > 1, 

r ... fZ if i= 0,4 (mod 8), 

^BU)=r * 1Se ^ n(BO) = \z i if i= 1,2 (mod 8), 
if i is odd, 

^ [0 if i = 3, 5, 6, 7 (mod 8). 

Theorem 2.2 TTie components Fp* k (H) are pairwise homeomorphic, and they have the homotopy 
type of BU - if H is a complex space - or BO - if H is a real space. 

The proof of this result is given at the end of section [4] 

3 The Grassmannian of compact perturbations 

We say that the subspace W is a compact perturbation of V if its orthogonal projector Pw is a 
compact perturbation of Py . It is an equivalence relation. 
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If V is a compact perturbation of W, then (V^W 1 -) is a Fredholm pair, and the operator 
■fWlv : V ~ * W is Fredholm. The relative dimension ofV with respect to W is the integer 

dim(V,W) := ind(T/ VF^) = dimVn W 1 - - dimV 1 - n W = ind(iV|v : V -> W). (3.1) 

Sec AMOlJ for a proof of the identities above. See also [BDF731 Remark 4.9] for an early appear- 
ance of the concepts of compact perturbation and of relative dimension for linear subspaces. When 
V and W are finite dimensional (resp. finite codimensional) , we have dim(V, W) — dim V ~ dim W 
(resp. dim(y, W) = codimVF — codimV^). It is easy to see that the image by a linear isomorphism 
T of a compact perturbation of some V E Gr(H) is a compact perturbation of TV, and that the 
relative dimension is preserved (see |AM01) . Proposition 2.4). Hence nor the notion of compact 
perturbation, neither the relative dimension depend on the choice of an inner product in H. 

Proposition 3.1 If (W, Z) is a Fredholm pair of subspaces and V is a compact perturbation of 
W , then (V, Z) is a Fredholm pair, with 

ind (V, Z) = ind (W, Z) + dim(V, W). 

Proof. From the identity 

PzAv=PzAw°Pw\v + Pz±(Pv-Pw)\v, (3-2) 
we see that PzAv & L(V, Z^~) is a compact perturbation of the Fredholm operator 

v p ^X w Fz ^ v Z^. 

Therefore PzAv is Fredholm, and the conclusion follows from (|3.1[) and from the additivity of the 
index by composition. □ 

In particular, if each of the subspaces V, W, Y is a compact perturbation of the other subspaces, 
there holds 

dim(Y", V) = dim(F, W) + dim(VF, V). 
The following fact is proved in [AM01], Proposition 2.3. 

Proposition 3.2 Let Hi,H 2 be Hilbert spaces, let T, T' € L(Hi,H 2 ) be such that T' is a compact 
perturbation of T , ranT and ranT" are closed. Then kerT' is a compact perturbation of ker T, 
ran T' is a compact perturbation of ran T, and 

dim(ranT', ranT) = — dim(kerT', kerT). 

If V € Gr(-ff), the Grassmannian of compact perturbations ofV, 

Gr c (V,H) := {W € Gx(H) \ W is a compact perturbation of V} 

is a closed subspace of Gr(ff). If V has finite dimension (respectively finite codimension) , then 

Gv c (V,H) = [J Gx nj00 (H), ( resp. = (J &:«,,,» (fl)). 

The interesting case arises when V has both infinite dimension and infinite codimension. In such 
a situation, Gr c (V, H) is a closed proper subset of Gr 0Cy00 (H). Moreover, the continuity of the 
Fredholm index implies that the function 

dim(-, •) : Gr c (V,H) x Gr c (V,H) -> Z 

is continuous. So the subsets 

Gr C) „(V, H) := {W G Gr c {V, H) \ dim(W, V) = n} , n G Z. 

are open and closed in Gr c (V, H). It is easily checked that the above sets are connected, so they 
are the connected components of Gr c (V,H). 
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Analytic structure of Gr c (V,H). The restriction of the map \fv defined in section [2] to the 
unit open ball Bi(V) fl Gr c (V,_ff) is a homeomorphism onto L C (V, V^~). The collection of these 
homeomorphisms defines an analytic atlas on Gr c (V, H), which is therefore an analytic Banach 
manifold modeled on L C (V, V 1 -). Actually, Proposition 11.11 implies that Gr(V,H) can be seen as 
an analytic Banach submanifold of the Banach affine space Py + L C (H). However, if both V 
and V 1 - are infinite-dimensional, Gr c (V,H) is not a C 1 -submanifold of Gr(iJ), because in this 
case the subspace L C (V,V ± ) does not admit a direct summand in ~L(V,V A -). Indeed, if H is an 
infinite dimensional separable Hilbert space, L c (iJ) is not complemented in L(ff), a fact which 
can be deduced^ from the analogous and more known fact that cq is not complementecH in £°° . 
The fact that every surjective continuous linear map between Banach spaces admits a (in general 
non differentiable) global section (see Appendix A), implies that Gr c (V,_ff) is a C°-submanifold 
ofGr(ff). 

The action of GL C (H) on Gr c (V, H). The group GL c (if), consisting of the linear automor- 
phisms of H which are compact perturbations of the identity, is an open subset of the affine 
Banach space / + L C (H). It inherits therefore the structure of an analytic group, although it is 
just a C°-subgroup of GL(H) (again, because L C (H) does not have a direct summand in L(H)). 
By Proposition 13. 2[ there is an analytic group action 

GL C (H) x Gr c (V,H) -> Gr c (V,H), (L,W) ~ LW, 

which preserves the connected components of Gr c (V, H), and such an action is easily seen to be 
transitive on each component. Fix some V £ Gr(ff). We claim that the map 

GL C (H) -> Gy c , (V, H), L i-> LV, (3.3) 

is an analytic principal G-bundle, with G = {L £ GL C (H) \ LV — V}. Indeed, an analytic local 
section of (I3.3[) near V is 

s : Bt(V) n Gr Cj o(F,ff) -> GL C (JT), W ^ P W P V + P W ±P V ^ = I - (Py - Pw){Pv - P V ±), 

and such a local section defines a local trivialization near any Wq € Gi c ,o(V,H) in the standard 
way: fixing Lq £ GL C (H) such that LqV = Wo, the map 

L [-Bi(y)nGr C) o(V,if)] xG-> GL C (H), (W,L) L oS (L^W)L, 

is an analytic trivialization of (|3 . 3|) near Wo. 

Homotopy of Gr c (V,H). Let V £ Groo !00 (iJ). The components Gr C! „(V,iJ) are pairwise an- 
alytically diffeomorphic. More generally, Gr Cj o(V, H) is analytically diffeomorphic to Gr c .o(W / , H), 
for V, W £ Gt 00i00 (H), a diffeomorphism being induced by an L £ GL(H) mapping V onto W. 

In order to study the homotopy type of Gr Cj o(V, H), we introduce the Stiefel space of compact 
perturbations ofV^H, 

St c (V, H) := {T £ L(V, E) | T is injective, Tx = x + Kx with K £ L C (V, H)} , 

endowed with the norm topology. The set St c (V, H) is open in the affine Banach space I+L C (V, H), 
so it is an analytic manifold. The map 

St c (V,.ff) -»• Gr c>0 (V,lZ"), T^ranT, (3.4) 

1 In fact, let us fix an orthonormal basis {e n } n ^fi in H. Consider the canonical inclusion j of l°° into the space of 
diagonal operators with respect to this basis, and its left inverse r : L(H) — > £°° mapping T £ L(^) into the sequence 
«Te„,e n >) n6N e Then j(c ) C L C (H), and r(L c (H)) = cq. If by contradiction P : L(H) -* L(H) is a linear 
projection onto h c (H), the above properties of j and r imply that PjrP = jrP. It follows that rPj : 1°° — > £°° is 
a projection onto cq. 

2 Actually, every infinite dimensional complemented subspace of i°° is isomorphic to £°°, see ILT77I Theorem 
2.a.7]. 
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is an analytic principal GL c (F)-bundle. Indeed, if Wq S Gt c ,o(V, H) and sq : U — > GL c (£f) is an 
analytic local section of the fiber bundle (|3.3p , with W a neighborhood of Wq in Gr Ci o(V,-ff), the 
map 

U x GL C (T/) -> St c (V, H), (W, A) h-> s (W)A 

is an analytic local trivialization of (|3 .4[) near Wo- 

Let (V n ) be an increasing sequence of subspaces of V, with dimV„ = n and such that their 
union is dense in V. Then the union of the closed subspaces 

JC n = {K e L e (V, H) I KP v x = 0} , jieN, 

is dense in L c (V,_ff). A well known result by Palais (see [Pal66], Corollary after Theorem 17) 
implies that St c (V, H) is homotopically equivalent to the inductive limit of the spaces St c (V, H) fl 
(I+JC n ), equipped with the limit topology. Moreover, the set St c (V, H)C\(I+K n ) is homeomorphic 
to the Stiefel space St noo (H), introduced in section O Since such a space is contractible, this 
proves that St c (V, H) is also contractible. In particular, the principal bundle (|3.4p is the universal 
principal bundle for the topological group GL c (V r ), and Gr Cj o(V,-ff) is the classifying space for 
such a group. The exact homotopy sequence now implies that 

7ri(Gr c ,o(V,if)) £* ^-i(GL c (y)), for i > 1. 

Palais [Pal65] has shown that GL C ( V) has the homotopy type of the infinite dimensional general 
linear group GL, hence of U in the complex case, and of O in the real case. Therefore, we have 
proved the following result. 

Theorem 3.3 Let V € Gr oc , !00 (i7). Then the components Gv c n {V,H) are pairwise analytically 
diffeomorphic, and 7Tj(Gr Cin (V, H)) = TTi-i(GL) for i > 1, so that Gr C) „(V, H) has the homotopy 
type of BU - if H is complex - or BO - if H is real. 

4 Essential Grassmannians 

We have seen that the notion of compact perturbation produces an equivalence relation on Gr(H). 
The essential Grassmannian of H is the space of the equivalence classes for such a relation, endowed 
with the quotient topology, and it is denoted by Gr e (ff). Denote by 

n : Gi(H) -» Gr e (H) 

the quotient projection. This space can be described in terms of the Calkin algebra of H, i.e. the 
quotient C*-algebra C{H) := L(H)/L C (H). Denote by it : L(H) — * C(H) the quotient projection. 
The closed subspace V is a compact perturbation of W if and only if tt(Pv) — tt(Pw), so tt 
maps the set of orthogonal projectors into the set of symmetric idempotent elements of the Calkin 
algebra. The next result shows that every symmetric idempotent element of the Calkin algebra is 
the image of some orthogonal projector (compare this result with Remark II. 9[) . 

Proposition 4.1 The restriction of the map 7r to the set of the (orthogonal) projectors of H is 
onto the set of (symmetric) idempotent elements ofC(H). 

Proof. In any Banach *-algebra, an element x is (symmetric) idempotent if and only if 2x — 1 
is a (symmetric) square root of the identity. It is therefore equivalent to show that the quotient 
projector n maps the (symmetric) square roots of I in L(if) onto the set of (symmetric) square 
roots of 1 in C(H). 

Let Q G L(H) and K S L C (H) be such that Q 2 = I - K. We have to find J G L C (H) such 
that (Q — J) 2 — I. The operator J will be self-adjoint if Q and K are. 
The spectral mapping theorem implies that 

a(Q) 2 =a(Q 2 )=a(I-K), 
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so the set cr(Q) \ { — 1, 1} consists of isolated eigenvalues of finite multiplicity. 

Let U = {z e C | \z 2 - 1| < l}, and let H = H © ifi, Q = Q © Q 1 be the spectral de- 
composition of the operator Q corresponding to the decomposition of a(Q) into the closed sets 
cr(Q) \ U and u(Q) n U. Denote by Poj-Pl the corresponding projectors. Then Hq is finite 
dimensional, and Qi is invertible, with <j(Q\) C U . Therefore, the spectrum of the operator 
K\ := K\h x = I — Q\ G L c (Hi) is contained in the unit ball {z G C | \z\ < 1}. The analytic 
function 

oo 

f( Z ) : =i- 2 -(i- Z )i = _| +J2 

n=2 

verifies the identity 

f(z) 2 

LLL-2f(z)-z = Q. (4.1) 
1 — z 

Set J := Q - P e L(H ), J x := Q^fiKx) e L^Hx). Then J := J © J\ is compact, and by 
dUIJ) it satisfies (Q - J) 2 = /. □ 

The above result implies that it induces a homeomorphism between the essential Grassmannian 
Gr c (H) and the space of idempotent symmetric elements of C(H). Therefore Gi a (H) inherits the 
structure of a complete metric space. Furthermore, Proposition 11.11 shows that Gr c (_ff) can be 
given the structure of an analytic Banach submanifold of C(H). 



1/2 

n 



z < 1, 



Homotopy of Gr e (H). The finite dimensional and the finite codimensional spaces represent 
two isolated points in the essential Grassmannian. What remains is a connected component, which 
is the image of Gr 00 00 (iJ) by II, and which is denoted by Gr*(_ff). By Proposition II. 31 the map 

is a C° fiber bundle, with typical fiber Gr c (V, H), for some V £ Gr 00j00 (iJ). In particular, the 
above map is a fibration, and since its total space is contractible, the exact homotopy sequence 
implies that 

7r i (Gr:(ff))^7r i _ 1 (Gr c (^ ) fl')). 
Therefore, Theorem 13.31 has the following consequence. 

Corollary 4.2 The space Gr*(H) is path connected, its fundamental group is infinite cyclic, and 
TTi(Gr* e (H)) ^TTi- 2 {GL) fori>2. 



The (m)-essential Grassmannian. In order to represent the coverings of Gr*(i7), we consider 
the quotient of Gr(_ff) by stronger equivalence relations, which take the relative dimension into 
account: if to G N, we define the (m)-essential Grassmannian Gr( m ) (H ) to be the quotient of 
Gr(_ff) by the equivalence relation 

{(V, W) G Gr(iJ) x Gr(_ff) | V is a compact perturbation of W, and dim(V, W) € mZ} . 

Denote by 

n ro : Gr^H) -> Gr (ro) (H) 

the quotient map. With this terminology, the (l)-essential Grassmannian is just the essential 
Grassmannian, and the (O)-essential Grassmannian distinguishes commensurable spaces according 
to their relative dimension. We can endow Gr( m ) (H) with the quotient topology induced by Gr(H). 

Every set Gr„ iOC) (i?) or Gr oo n (iJ), neN, represents an isolated point in Gr^(H), which has 
thus infinitely many isolated points. If m > 1, the sets 

|J Gr n>0O (JJ) and |J Gw(iJ), k = 0, 1, . . . , m - 1, 

represent distinct isolated points in Gr( m )(iT), which has thus 2to isolated points. 

The remaining part of Gt^(H) consists of the quotient of Gr 00j00 (7?), denoted by Grt m \(H). 
Since Gr 00j00 (iJ) is connected, so is Gr( m -,(iJ), for any mel 
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The action of U(H) on Grt -(H). The action of P(P) on Gr 00 00 (_ff) induces a transitive 
action of U{H) on the quotient Gr^ m ^(H). This action presents Gr^ m ^(H) as a quotient of U{H): 
fixing V G Groa i00 (H), the map 

h m :U(H)^Gr* {m) (H), P ^ n m (PV), 

is indeed open and onto. Let us determine the isotropy subgroup h^-(\V]). By the identity 

Puv -Pv = UP V U* -P v = [U, PvP*, VP G P(P), 

the subspace PV is a compact perturbation of V if and only if P belongs to the closed subgroup 

H := {U G U(H) | [P, P v ] G L C (P )} . 

If P G H, since 

PyPPy + P V ±UP V ± = U- [[U, P v ],Pv] eU + L C (H), 

the operator PvUPv+Py ± UP v ± is Fredholm of index 0. So PyUPy and P V ±UP V ± are Fredholm 
operators on V and V^, respectively, with ind(PyPPy) — — ind (Py±UPy±). By (|3.ip . and by 
the additivity of the Fredholm index with respect to composition, 

dim(V, UV) = ind (P uv \v ■ V -> PV") = ind (PP y P*|y : V -> PV) 
= ind (PyP*|y : V -> V) + ind (P|y : V ^ PV) = ind {P V U* P v ) = -ind {P V UP V ). 

Therefore, 

dim(PV, V) = ind (PyPPy), VP G W, 
which shows that ft^, ([V]) is the open and closed subgroup of H , 

U m ■■= {U G W | ind (PvUPv) G mZ} . 

Therefore the space Gr? m j (P) is homeomorphic to the space of left cosets P (P) /H m . Now assume 
that n£N* divides m G N. Since P m is an open subgroup of Tl n , the quotient map 

n™:Gr^ m) (P)^Gr^(P) 

is a covering, with fiber nZ/mZ. We claim that the map h m is a C° principal 7i m -bundle. Since 
hi = ITj™ o h m , it is enough to prove that hi is a C° principal Pi-bundle. In this case 

Gr^(P) = Gr:(P) = P S (C) \ {1,0} = {u^Py)^ 1 \ u G U(C(H))} , 

so by Proposition 1 1.21 the map 

U(C{H)) -> Gr^(P), uh mttCPvOu -1 , 

has a continuous local section near IIi(V), mapping IIi(V) to 1. By Proposition 11.81 (i), the 
quotient map P(P) — > P(C(P)) has a continuous local section near 1. By composition we get 
a continuous local section for fti, which is therefore a C° principal 7ii-bundle by the standard 
trivialization. 

The homotopy of Gr?-(H). We claim that the quotient map 

n ro | (P)^G4„ } (P) 

is a C° fiber bundle, with typical fiber 

{W G Gr c (V, P) | dim(W, V) G mZ} . 

Indeed, if s : hi C Gt*i m \{H) — » U(H) is a continuous local section for the map /i m , the map 

Wx{VFe Gr c (V,P) | dim(W, V) G rnZ} -► Gr 00 , 00 (P), (a, IV) i-> s(a)IV, 

is a local trivialization for the map n m |Q roo ^(m- 

Since Gr 00!00 (P) is contractible, by the exact homotopy sequence of a fibration we immediately 
get the following result. 
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Corollary 4.3 Let m S N. The space Gr^ m ^(H) is connected, its fundamental group is trivial 
for m = 0, and infinite cyclic for m > 1. Moreover, for every me N, 

n (GT* im) (H)) £* jr<(Gr e (fl)) = Ki-i(GL), for i > 2. 

In particular, the quotient map 

nS:GrJ J) ( J ff)-fGrJ 1) ( J ff) = Gr:(fl) 

is the universal covering of Gr*(iJ), and the covering corresponding to the subgroup mZ cZ = 
7Ti(Gr*(iJ)), m € N, is the quotient map 

These are all the coverings of the essential Grassmannian. 

We end this section by determining the homotopy groups of the space of Fredholm pairs, thus 
proving Theorem 12.21 

Proof of Theorem 12.21 For k S Z, the map 

Q fc : Fp;(ff) -> Groo.ooCfT), (V,W)~W, 
defines a fiber bundle. Indeed, if Wo & Gr 00i00 (if), the map 

Bi(Wb) x Q- \{W }) -» FpJ(ff), (W, V) ^ ((Pw^ + JV^-OV; W), 

defines a local trivialization near Wq. Since Gr 0O)O0 (.H') is contractible, Fp^(iJ) is homeomorphic to 
the product Gr 00i00 (iJ)x Qj7 1 ({ Wo}), for any IVo € Gr 00i00 (i?). Let Wi be a compact perturbation 
of Wo with dim(W , Wi) = k. Then by Proposition O ^({Wo}) = Q^dWi}), so Fp* k (H) is 
homeomorphic to Fpo(-ff), and it has the homotopy type of the fiber of Qq. 

There remains to determine the homotopy type of Q " 1 ({Wo}), for some fixed Wo € Gr 00!00 (iJ). 
Consider the fiber bundle 

II : G 

1 00,00 

and the open subset of Gr* (H) 

n := {n(graphT) | T e L(W \ W )} . 

The space fi is contractible: indeed the homotopy 

fl x [0, 1] -> O, (n(graphT), A) h-> n(graphAT) 

is well defined, because the graphs of T, S £ L(Wq , Wo) are commensurable if and only if T — S 
is compact, by Proposition 13. 21 Moreover, using Proposition 13 . 1 1 it is easy to see that 

rr 1 ^) = {v e Gr^Cff) | (v, w ) e f v {h)} , 

and that Q _1 ({Wo}) is a connected component of II _1 (J7), that is 

Q-\{W } = {Ve Gr c , (graph T,H) \ T G L(W \ W )} . 
Therefore, the restriction of the map II, 

n : Q-\{W }) -> ft, 7kH(7), 
defines a fiber bundle, with typical fiber 

n - 1 (n(w ± )) = Gr c ,o(Wo ± , J ff). 

Since the base space of n is contractible, Qq 1 ({Wq}) has the homotopy type of Gr C) o(W 1 , H), 
and the conclusion follows from Theorem 13.31 □ 
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5 The functor Det 



We denote by Det the functor which associates to any finite dimensional real vector space the 
one-dimensional real vector space A max (X), the component of top degree of the exterior algebra 
of X, and to any linear map T : X — > Y the linear map 



Det(T) = 



A max (T) ifdimX = dimF, 
otherwise. 



Therefore, Det(T) ^ if and only if T is an isomorphism. 

As it is well known, an exact sequence T of finite dimensional vector spaces 

Xi x 2 ^ ■ ■ ■ X n ^ 

induces an isomorphism 

i odd i even 

Actually, there are different conventions in the literature concerning the choice of the sign of such 
an isomorphism. As shown in the following sections, the choice of proper signs is important, so 
let us exhibit an explicit construction for the standard isomorphism <fix, and let us fix notations 
to denote the opposite isomorphism. 
Consider an exact sequence S 

3- x 1 3l x 2 ^- ■ ■ ■ x n f^- 1 

such that for every i 

T i _ 1 S i + S i+1 T i = I Xi . (5.1) 

Such an exact sequence is uniquely determined by the choice of an algebraic linear complement 
Vi for each subspace kerTi in Xi. In fact, Tj restricts to an isomorphism from Vi to kerT^+i, and 
we can define Si+i : Xi + \ — > Xi to coincide with the inverse of such an isomorphism on kerTj+i 
and to be zero on Vi+\. 

The linear maps Pi := Ti-\Si and Qi := are the projectors associated to the splitting 

Xi = kerTi © kerS,. 
The linear map 

$f : Xi — X u $f = (Ti + Si) 

1 odd i even i odd 

is an isomorphism, its inverse being 



If S' is another exact sequence satisfying (|5.1[) . then 



*f 1 ° ®t = (S'i+iTi + Ti-tSi) = I + Ti_i(S - S'i) 

i odd i odd 

and the last term is nilpotent, 



It follows that 
which implies 



v i odd / 



det$f.' o$f = l, 



Det($f) = Det($f) 



0. 
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Recalling that the exterior algebra of a direct sum is naturally identified with the tensor product 
of the corresponding exterior algebras, we can associate to the exact sequence T the isomorphism 

<Pt : Det(Xi) £ (g) Det(JQ), T := Det($f), 

t odd « even 

where 5* is any sequence satisfying (|5.ip . Such an isomorphism is natural, in the sense that if we 
have an isomorphism of exact sequences 



there holds 




This immediately follows from the fact that if S satisfies (|5 . 1[) for T then the sequence S' defined 
by S[ := Ri-xSiRT 1 satisfies ^ for T' . 
The exact sequence A 

-> A x — ► A x © A 2 — ► A 2 © A 3 — > ... — > A„_! © A„ — ► A„ -> 0, 

consisting of inclusions and projections produces the isomorphism given by 

</u(c*i ® («2 A a 3 ) ® . . . ) = (ai A a 2 ) ® (a 3 A 014) ® . . . , 

where a, generates Det(vlj). In the case of a general exact sequence T, if Det(Xj) is generated by 
Ti-x^on-i A on, the isomorphism 0t is given by 

<j> T (ai ® (T 2 *a 2 A a 3 ) <g> . . . ) = (T u ai A a 2 ) <g> (T 3 ,a3 A a 4 ) <g) . . . . (5.4) 

For every subset Jc{l,...,n}, the isomorphism <f>T induces an isomorphism^] 

Vt : (g)Bet(X 3 )*^ = (g)Det(X,)*W, 

j£J j$J 

where V*^' denotes V when j is even, V* when j is odd. The isomorphism <f>j, is defined by 
tensorizing 4>t by the identity on Det(Xj)*, for every even j € J and every odd j (fc J, and 
identifying each tensor product V ®V* with the field of scalars - M or C - by the duality pairing. 
The original isomorphism <E>t corresponds to choosing J to be the subset of {1, ... ,71} consisting 
of odd numbers. 

Naturality now means that if we are given the isomorphism (|5.2|) between the exact sequences 
T and T", there holds 

(®Det(i^r«) 0^ = ^,0 ((gjDet^- 1 ^ 1 )^- 1 )) . (5.5) 

Since the naturality property only involves pairs of exact sequences where the corresponding vector 
spaces have identical dimension, we still achieve naturality if we multiply each by a non-zero 
number which depends only on the dimensions of X\, . . . , X n . In particular, we are interested in 
changing <f>j, just by a factor ±1. We can summarize the above discussion into the following: 

3 The convention here is that a tensor product over an empty set of indices produces the field of scalars, M or C. 
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Proposition 5.1 For any choice of the subset J C {1, ...,n} and of the function a : N™ — > 
{ — 1,1}, the transformation T i— ► </> T ; <T which associates the isomorphism 

4>^ =cr(dimX 1) ...,dimX n )^ : (gjDet^-)* '"^ = (g)Det(X,-)* (i) , 

jeJ j<£ j 

to the exact sequence T of finite dimensional vector spaces 

is natural with respect to isomorphisms of exact sequences. 

We conclude this section by considering the particular case of a sequence with four terms, that 
is the exact sequence T 

-> kcrT -U X Y cokerT — ► 0. 

induced by some homomorphism T : X — > y between finite dimensional vector spaces. We shall 
associate to such an exact sequence the isomorphism 

ij) T : Det(kerT)®Det(cokcrT)* = DetpO<8>Det(Y)*, a®^)* ^ (i„(a)A/3)(8)(7AT*^)*, (5.6) 

where a generates Det(kerT), i*(a) A /3 generates Det(X), 7 A T*/3 generates Det(y), and the 
superscript * indicates the dual generator. Comparing this definition with formula (|5.4|) . we notice 
an exchange in the exterior product between the generators 7 and T*/3 ipr> which produces a sign 
change equal to 

^ -j^ (dim ran T) (dim coker T) 

Therefore, ipx coincides with the isomorphism </>y CT , where 

J= {1,4}, <j(d u d 2 ,d 3 ,d 4 ) = (-l)«**W»-**>. 

Let X — X © Z, Y — Y © Z be finite dimensional vector spaces, and let T 6 L(X,Y) be 
such that TX C Y and QT|^ is an automorphism of Z, where Q : Y ® Z Z denotes the 
projection. Denote by To € L(Xo, lb) the restriction of T. The fact that QT\z is an isomorphism 
implies that there are natural identifications 

ker T = ker T, coker T = cokcr T. (5.7) 

Let 

ip T : Det(kerT) ® Det (cokerT)* S Det(X) ® Det(Y)* 

and 

Vt : Det (ker T ) <g> Det (coker T )* = Det(X ) ® Det(y )* 
be the isomorphism defined above. By the identifications (|5.7[) we can consider the composition 

ip T o V^ 1 : Det(X ) ® Det(y,)* = Det(X) <g) Det(y)*. 
The next lemma justifies the choice of the sign in the definition of tf>T- 
Lemma 5.2 Letxo, ya, z be generators of Det(Xo), Det(Yo), Det(Z), respectively. Then 

i> T o V^Oo ® yo) = det(QT| z ) (x A z) ® (y A z)*. 

In particular, the function mapping a homomorphism T G L(X, y) w«i/i i/ie above properties into 
ipT V'tq 1 depends analytically on T. 
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Proof. We can write xq = a Axi, where a is a generator of Det(kerTo), and yo = 2/1 A TcXi, 
where ?/i is a generator of cokerTo = cokerT, identified with a subspace of Yo- Then 

V"r (a ® y*) = (at A x x ) (yi A T 0>t a;i)* = x <g> y^, 
O y{) = (a A xi A z) <E> (yi A T t (x\ A z))* = (ar A z) ® (yi A T*(a;i A 2))*. 

Notice that 

2/1 A T*Oi A z) = 2/1 A T 0st a;i A T*z = y A QT.z + y A (J - Q)T*2 = dct(QT\ z )y A z. 
It follows that 

ip T (a <g> yj) = det{QT\ z ){x A z) <g> (y A z)*, 

so 

V>t ° V^fco ® yo) = det(QT| z ) (x Az)® (y A z)*. 
as claimed. □ 

Another useful property of the isomorphism ipT defined in (|5.6|) is that 

= (5.8) 

whereas the corresponding formula relating a general isomorphism (j>j, a to <f>jZ is more complicated, 
and may involve a change of sign. 



6 The determinant bundle over the space of Fredholm pairs 

The determinant bundle over Fp(iJ) is an analytic line bundle with base space Fp(iJ), and fiber 
at (V, W) 

Det(V, W) := Det(V HW)® Det 

It is denoted by 

p : Det(Fp(JT)) -> Fp(JT), Det(Fp(JT)) : = U Dct (^, W). 

(V,W)SFp(H) 

The construction of an analytic structure on the total space Det(Fp(iJ)), making p an analytic 
bundle map, is not immediate because the subspaces FnFC and V + W do no depend even 
continuously on (V, W) S Fp(H). We will describe such an analytic structure first on the counter 
image by p of those components of Fp(_ff ) where one of the two spaces is finite dimensional, and 
then on the other components. 



H 

V + W 



Analytic structure on p-^FpfTJ) \ Fp*(H)). If (V,W) € Gr nt00 (H) x Gr oc , m (i/), n,m e N, 
the exact sequence of inclusions and quotient projections 

TT TT 

o^vnw ^ — 



w v + w 

yields to the isomorphism 

^:Det(V,W)KDet(V)®Det^|^ , (6.1) 

defined in (|5.6[) . The lines Det(V) ® Det(H/W)* are clearly the fibers of an analytic bundle 
over Gr„ ;00 (i?) x Groo >m (i/), and we can endow p _1 (Gr njOC (iJ) x Groo im (.ff)) with the analytic 
structure which makes (|6.ip an isomorphism of analytic bundles. The same construction works 

for p-^Gr OO, 71 (H) x G L rn,oo 
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Analytic structure on p 1 (Fp*(H)). We proceed to define a structure of analytic bundle on 
the restriction of p to p _1 (Fp* (H)). Consider the covering of Fp*(_ff) consisting of the open sets 

U x ■= {(V, W) e Fp*(H) | X + V + W = H, X n V = (0)} , 

for X varying among all finite dimensional linear subspaccs of H. If X is finite dimensional, the 
map V i— > X + V is analytic on the space of V <E Gi(H) such that XDV — (0): indeed in this case 
X + V is closed, so X + V = {X 1 - n V^) 1 - and iHV^fln V) 1 - = H, hence the analyticity 
of the sum follows from the analyticity of the transverse intersection. As a consequence, the map 
Ux — > Gr(iJ), (V, W) i— > (X + V) n W, is analytic. Therefore, we can consider the analytic line 
bundle px '■ £ x — > , whose fiber at (V, W) is the line 

p x l {{{V, W)}) := Det((X + V) n W) <g> Det(X)*. 

Let (V, W) E U x - Since X n V = (0), we can define a linear map (X + V) n VF -> X to be the 
following composition of inclusions, quotient projections, and their inverses: 

X + V =* 

(X + y)rW->X + ^-> ^ ^ X. 

The kernel of this linear map is V H W, while its range is X n (V + W), so using also the identity 
X + V + W = H, we obtain the exact sequence 

TT 

o^vnw -> (x + v)nw — >x^ ► o. 

V + w 

Therefore formula (|5.6[) produces the isomorphism 

ipjv }W) : Det(V, W) -> Det((X + 7) n IF) ® Det(X)*, 

and we can endow p~ 1 (Ux) with the analytic structure which makes the map p (Ux) — * £x, 
£ l— * V'fvvK)^ ^ or iKO = ^0' an isomorphism of analytic bundles. 

In order to have an analytic structure on the whole p~ 1 (Fp* (H)), there remains to show that 
if X\, X2 are finite dimensional linear subspaccs of H, the transition map 

1>% :p x \{u Xl nUx 2 )^ Px l(u Xl nu X2 ), ^ tfvmW&w))' 1 *' ^PxAO = (v,w), 

is analytic. When X\ C X2 or X2 C Xi, this fact follows immediately from Lemma [5.21 In 
the general case, let (V, W) € Ux x H Ux 2 ■ Then there exists a finite dimensional linear subspace 
X C H such that 

x + v + W = H, (Xi + X) n v = (0), (i 2 + ^)nv = (o). (6.2) 

Indeed, setting fc = codim(y + W) and recalling that V has infinite codimension, we have that 
the set of X € Grfe i00 (ff) satisfying each of the identities (|6.2[) is open and dense. Therefore, 

(V, w) e w Xl n nw x n w X2+ x n u X2 , 

and on the inverse image by p of such a neighborhood is the composition of analytic maps, 
by the case seen above. Hence ip x 2 is analytic on p~ 1 (Ux l H Wx 2 )- 

Transposition. Note that, although the fiber Det(V, W) depends symmetrically on (V,W), in 
our construction of the analytic structure on p~ 1 (Fp* (H)) such a symmetry is lost. However, if 
we exchange the role of V and W in the definition above, we obtain the same analytic structure. 
In other words, the map Det(Fp(iJ)) — > Det(Fp(_ff)) which lifts the transposition involution 

r : Fp(iT) -» Fp(ff), (V, W) (W, V), 



20 



and is the identity on the fibers, is an analytic bundle isomorphism. This fact is obvious for the 
components where one of the spaces is finite dimensional, so we just have to check it locally at 
some (Vo, Wo) € Fp*(H). We can choose a finite dimensional linear subspace X C H such that 
X n(V Q + W ) = (0) and X + V + W Q = H. Then both (Vo, W ) and (W , V ) belong to the 
r-invariant open set 

u x r\T(u x ) = {(V,W) e F P *(ff) \xnv = xnw = (o), x + v + w = h}, 

and we must check that the isomorphism 

^(w,v) {^{v,w)Y l ■ Det((X + V) n W) <g> Det(X)* -> Det((X + W) n V) <g> Det(X)* 

depends analytically on (V, W) in such a set. If (V, W) belong to this set, we can find an isomor- 
phism 

T ( v,w) : (X + W)r\V -=-> (X + V)(1 W, 
that makes the following diagram 



0- 



vn w- 



wn v- 



+ v) n w ■ 



(x + w) n v ■ 



x 



H 



V+W 



id 







commutative. Such an isomorphism is uniquely determined by the choice of two linear comple- 
ments of V n W in (X + V) n W and (X + W) n V, and if we choose these to be the orthogonal 
complements, T^v.w) depends analytically on (V, W). By the naturality property stated in Propo- 
sition [5TJ we have 

^fw,v) ° i^fvyv)) = Dct ( T (v,w)) ® id, 

which depends analytically on (V, W) € £0c n t(Ux), proving the claim. 

This fact shows that it is possible to define a determinant bundle also on the space of unordered 
Fredholm pairs. 



Nontriviality. The determinant bundle p : Det(Fp(i7)) — * Fp(iJ) is nontrivial on every con- 
nected component of Fp(H), with the exception of the trivial components Gtq j00 (H) x Groo o(-ff) 
and Gr oc ,o(i?) X Gro ;0 o(-ff)- We shall check this fact for the connected components FpjJj(iJ), k £ Z, 
the case of the other components being analogous. First notice that if Ho is 2-dimensional, then the 
determinant bundle on Gri : i(Ho) is nontrivial, being isomorphic to the tautological line bundle on 
the projective line. Fix a splitting H = H ®Hi, dimi? = 2, a Fredholm pair (V, W) £ Fpl_ 1 (Hi) 
and a generator £ of Det(V D W) ® Det(J?i/(V + W))* , so that for every L S Gi ltl (H ), 



(l © v) n [H © w) = l © (V n w), 

Then the embedding 



(L © V) + (F © W) V + W 



f :Gr 1A (H )^Fp k (H), L ^ (L © V, Jf © W) 
can be lifted to an analytic bundle isomorphism 

F : Det(Gr 1 , 1 ( J ff )) -> ^'(/(Gryfffo))) C Det(Fp£(if)), r? ^ ry © f, 
and the determinant bundle is nontrivial on Fp* k (H) . 



21 



The determinant bundle over Gr c (V,H). Let V £ Gr oo co (iJ). Then the Grassmannian 
Gr c (V, H) of compact perturbations of V has a natural inclusion into Fp(_ff ) given by 

Gt c (V,H) ^ Fp(H), W i-> {W.V^). (6.3) 

The above map allows us to consider the pull-back of the determinant bundle Det(Fp(if)) — > 
Fp(_ff ) on Gr c (V, H), obtaining an analytic line bundle Det(Gr c (V, H)) — > Gr c (V, H) with fiber at 
W G Gr c (V,H) 

Det(W n F x ) ® Det {^ —^-y^ j ^ Det((W n F x ) (VF^ n V)) . 

The argument for the nontriviality used above shows that the above line bundle is nontrivial on 
every connected component Gr c , n (V, H), for neZ. 



7 The determinant bundle over the space of Fredholm op- 
erators. 

Let Fr(i?i, H2) be the open subset of L(iZi, H 2 ) consisting of Fredholm operators. The inclusion 

1 : Fv(H u H 2 ) -» Fp(H! x H 2 ), T ~ (graphT, H t x (0)), 

allows to define the determinant bundle over Er(ffi, H2) as the pull-back of the determinant bundle 
over Fp(i?i x H 2 ) by the map i. We obtain a line bundle 

q : Det(Fr(H u H 2 )) -» Fr(H u H 2 ), 

whose fiber at T is 

Det(T) := Det(kerT) ® Det(cokerT)*. 

This is the determinant bundle over the space of Fredholm operators defined by Quillen in [Qui85 
(see also [ BF86] ). A direct construction of the analytic bundle structure on Det(Fr(7?i, H 2 )) goes 
as follows. Let X be a finite dimensional linear subspace of H 2 , and consider the open set 

Ux{HuH 2 ) := {T £ Fr(H 1 ,H 2 ) I T is transverse to X} . (7.1) 

If T S Ux(Hi, H 2 ), the exact sequence 

-> kerT — ► T _1 X X — ► cokerT -> 



induces an isomorphism 

V>t : Det(T) -> Det(T -1 .X) <g> Det(Z)* (7.2) 

by formula (|5.6p . Since the lines Det(T _1 X )<X)Det(X) are the fibers of an analytic line bundle over 
Ux{H\, H 2 ), we obtain an analytic line bundle structure for Det(Fr(Hi, H 2 )) over Mx{Hi, H 2 )- 
Lemma 15.21 can again be used to show that the transition maps are analytic. 

An alternative construction for the analytic structure of q is the following. If T is in Fr(_ffi , H 2 ) , 
the operator T*T G L(i?i) is self-adjoint, positive, and Fredholm. In particular, if e > is small 
enough, the spectrum of T*T has finite multiplicity in [0, e], meaning that a(T*T) n [0, e] is a finite 
set of eigenvalues with finite multiplicity. Denote by V e (T*T) the corresponding finite dimensional 
eigenspace. Therefore the sets 

V e (H 1 ,H 2 ) := {T G ¥t{H u H 2 ) | e f a(T*T) and a(T*T) n [0, e] has finite multiplicity} , e > 0, 

constitute an open covering of Fi(Hi, H 2 ). Clearly, the operators T*T\^ kcrT ^± : (kerT)- 1 — * 
(kerT)- 1 = ranT*, and TT*| (kerT!t) x : (kerT*)- 1 -> (kerT*)- 1 = ranT, are conjugated by 
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T|(kerT)^ : { kerT ) X -> (kerT*)- 1 . Since kerT*T = kerT and kerTT* = kerT*, it follows that 
any A > belongs to a(T*T) if and only if it belongs to <r(TT*), and that it is an eigenvalue of 
T*T corresponding to the eigenvector x if and only if it is an eigenvalue of TT* corresponding to 
the eigenvector Tx, with the same multiplicity. Hence, if T £ V t (Hi, H 2 ), then T* £ V e (H 2 , Hi), 
and the sequence 

-> kerT -> y e (T*T) -^-> V C (TT*) -> kerT* -> (7.3) 
is exact. From the isomorphism 

: Det(T) = Bet(V e (T* T))* ® Det(V e (TT*)) 

defined by j5l| and from the analyticity of the maps T i-> V e (T*T) and T i-> V e (TT*) on 
V e (-Hi, #2), w e obtain the analytic structure of q over V e (H\, H 2 ). The analyticity of the transition 
maps is an immediate consequence of Lemma l5?2| because if < e < e' and T £ V e (Hi,H 2 ) H 
VAH 1 ,H 2 ), there holds V e (T*T) C K'(T*T), and V e (TT*) C V^TT*). 

We just mention that an analogous spectral approach provides an alternative construction of 
the determinant bundle on Fp(iJ). 

Left and right action of GL(H). The group GL(H 2 ) acts on Fr(i?i, H 2 ) by left multiplication 
(G, T) i-> GT, while the group GL(ifi) acts on Fi{H 1 ,H 2 ) by right multiplication (G, T) ^ TG. 
Since 

ker GT = ker T, coker GT = G coker T, 

where G : H^/vaxiT — > Hz/GranT is induced by G, the left action lifts to a bundle action on 
Det(Fr(i?i, if 2 )) defined fiberwise by 

Det(T) -> Dct(GT), C®)]* i-> £ (g) (Det(G -1 )V) . 
This action is analytic because of the naturality property of Proposition [5TT1 Similarly, since 

ker TG = G~ 1 ker T, coker TG = coker T, 
the right action lifts to an analytic bundle action on Det(Fr(7?i, H 2 )) defined fiberwise by 

Det(T) -> Det(TG), £ <g> 77* i-> (Det(G -1 )£) <g> 77*. 

Adjoint. The adjoint map 

Er(Hi, H 2 ) -» Fr(i? 2 , J^), T ^ T*, 
has analytic lift to the determinant bundles. Indeed, by using the identifications 

H * 

kerT* = (ranT)- 1 = (cokerT)*, cokerT* = S (kerT)*, 

(Ker 1 j 

the lift is defined fiberwise by 

Det(T) -> Det(T*), £ <g> 77* h-s- ??* ® f. 

Let us check that this lift is analyitic. If T belongs to the open set V t (H\, -f/2), then T* belongs 
to the open set V t {H 2 , Hi). The adjoint of the exact sequence (|7.3|) is 

-> kerT* -> V e (TT* ) V C (T*T) -> kerT -> 0, 
which is precisely the sequence producing the isomorphism 

: Det(T*) = Det(V e (TT*)) <g> Bet(V e (T*T))*. 
Then property (|5.8|) allows to conclude. 



23 



Two analytic sections. The determinant bundle Det(Fr(i?i, H 2 )) has the global analytic sec- 
tion 

_ J if T is not invertible 

S( - > ~ \ 1 € Det(T) = C ® C* if T is invertible. 

This section vanishes precisely at the non-invertible elements of Fr(iJi, H 2 ). 

The restriction of the determinant bundle Det(Fr(i7, H)) to the space of self-adjoint Fredholm 
operators on H has a nowhere vanishing analytic section a which associates to each self-adjoint 
Fredholm operator T the element 

1 e Dct(kerT) <g) Det (ker T)* = Det(kerT) <g> Det (coker T)* = Dct(T). 

In particular, the restriction of the determinant bundle over the space of self-adjoint Fredholm 
operators on H is trivial (as observed by Furutani in |Fur04j . Theorem 4.1). 



Composition. Let us show how the composition of Fredholm operators 
Fi(Hx,H 2 ) x Fr(H 2 , H 3 ) -» Fi(Hi,H 3 ), (S, T) ^ TS, 

lifts to the determinant bundles, producing the bundle morphism 

Det(Fr(fT 1 ,i? 2 )) <g> Det(Fr(£T 2 , tf 3 )) -> Det(Fr(£T 1 , H 3 )), 

where the domain is seen as a line bundle over the product Fi(Hi, H 2 ) x Fr(_ff 2 , H 3 ). 
If S € Fr(i?i, H 2 ) and T S Fr(i? 2 , H3), we have the exact sequence 

-> kcr 5 — 1. kcr TS ker T cokcr 5 coker TS — ► coker T -> 0, (7.4) 

where 7r denotes the restriction of the quotient projection. This exact sequence induces the iso- 
morphism 

4>s,t ■ Det(S) O Det(T) -> Det(TS), 
ai <g) (7r*a 3 A a 4 )* <K> (a 3 A S*a 2 ) <E> «5 h-> (-l) p(S ' T) (ai A a 2 ) ® (a 5 <g> T»a 4 )*, 

with 

p(S, T) := (dim kcr S + dim ker TS) (dim coker T + dim coker TS*) , 

where a\ generates Det(kerS), a,\ A a 2 generates Det(ker TS), a 3 A S*a 2 generates Det(kerT), 
ir*a 3 Aa 4 generates Det (coker 5), 0-5 AT* 0:4 generates Det (coker TS), and 0:5 generates Det (coker T). 
If we denote by (S, T) the exact sequence (|7.4I) , the isomorphism <ps,T coincides with the natural 
isomorphism (f'f'sT) °f section El with 

J = {1, 3, 4, 6}, a(d u d 2 ,d 3l di, d 5 , d 6 ) = (_i)<M«fe-<y-HJ.(*-40. (? 6) 

Let us check that the bundle map defined by the isomorphisms <fis.T is analytic. It is convenient 
to see the analytic structure on the determinant bundle of ¥t(Hi, H 2 ) in terms of the open sets 
Ux(Hi, H 2 ) and of the isomorphisms ipT introduced in (|7.1[) and (|7.2p . 

Let Y be a finite dimensional linear subspace of H 3 . Notice that the composition TS is 
transverse to Y if and only if T is transverse to Y and 5 is transverse to X := T~ X Y . In 
particular, the composition maps Ux(Hi, H 2 ) x Uy{H 2 ,H 3 ) into Uy{H\, H 3 ). Let 

V>s:Det(S) -> Det(S _1 X) ®Det(X)*, 
ipT : Dct(T) -► Det(T _1 F) ® Det(y)* = Det(X) <g Det(Y)* , 
^ts : Det(TS) -► Det((TS')" 1 y) <g> Det(F)* = Det(5 -1 X) <g) Det(F)*, 
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be the isomorphisms defined in (JT72J) . We must show that the upper horizontal isomorphism which 
makes the following diagram commutative, 

Det(S- 1 X)®Det(X)* ®Det(X)®Det(Y)* ► Bet^S^X) ® Det(F)* 

Dct(kcrS') ® Det(coker S)* (g) Det(kerT) ® Det(cokerT)* — > Det(kerTS) <8> Det(cokerTS)* 

depends analytically on (S 1 , T) <E U x (Hi,H 2 ) x U Y (H 2 ,H 3 ). 

Let ckj., «2j <^3j 0^5 be as above. Let £ be a generator of Det(y). Since TS 1 is transverse to 
Y, we can find an element a £ A*((T5) _1 y) = A*^ -1 ^) such that C = «5 A T*a4 A T^SWo- 
Then £ := ai A a 2 A ao generates Det(S~ 1 X). Moreover, i) := 03 A «4 A S*a 2 A S*ao generates 
Det(X). By ([5^]) . we have 

V>s(ai ® (7r*a3 A a 4 )*) = (ai Aa 2 A ao) ® (a 3 A a 4 A 5*02 A S^ao)* = £ (E> r]* , 
^t((«3 A S , *a 2 ) <£> al) — (a 3 A S,a 2 A a 4 A 5»a ) ® (a 5 A T,a 4 A T,5*ao)* 

iprs((ai Aa 2 ) ® (a 5 AT,a 4 )*) = (a x A a 2 A a ) <H> (as A T*a<4 A T*S*a )* = £ ® £*. 
Since the parity of \a 2 \ \ct 4 \ equals the parity of p(S,T), the above formulas imply that 

ip TS o cj) S .T o (tps ® V't)" 1 ^ <S> 77* ® 77 C*) = £ ® C*, 

so this isomorphism depends analytically on (S, T), as claimed. 

Associativity. The commutative diagram 

FriHuHi) x Fv(H 2 ,H 3 ) x Fr(H 3 ,H 4 ) ► Fy{H u H 2 ) x Ft(H 2 ,H 4 ) 



Fi{H! ,H 3 )x Fr(H 3 , H 4 ) ► Fr^ , H 4 ) 

lifts to a commutative diagram between the corresponding determinant bundles. In other words, 
if Tj £ Fr(ff i ,iJ i+1 ) then the diagram 

Det(Ti) <g) Det(T 2 ) <gs Det(T 3 ) ldg ^ T2 ' T3 , Det(T x ) $ Det(T 3 T 2 ) 



Ur!,r 2 ®id 4>t 1 ,t 3 t 2 (7-7) 



Det(r 3 Ti) ® Det(T 3 ) Det(T 3 T 2 Ti) 

commutes. Although completely elementary, the proof of the commutativity of the above diagram 
is quite long. It is contained in Appendix B. 



8 Operations on the determinant bundle over Predholm 
pairs 

Besides the transposition involution already considered in section [6l other operations on the space 
of Fredholm pairs can be lifted to the determinant bundle. 

The action of GL(H). The analytic action of GL(H) on Fp(iT), (T, (V, W)) ^ (TV, TW), lifts 
to an analytic bundle action of GL(H) on Det(Fp(i/)), defined fiberwise by 

Det(V,W) -> Det(TV,TW), £®r)* i-> Det(T)£(g> Det^" 1 )*^*, 

for £ £ Det(VnW), 77* £ Det(H/(V + W))*, where f £ L{H/(V + W), H/(TV + TW)) is induced 
by the linear operator T £ GL(H). The analyticity of such an action follows immediately from 
the naturality property stated in Proposition l5.ll 
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Sum. If X, Y, Z are finite dimensional linear spaces, the isomorphism 

S(X, Y) : Det(X) <g> Det(Y) -> Det(X Y), £ ® ^ £ A 77, 
is induced by the exact sequence 

It is readily seen that the diagram 

Det(X)®Det(Y)®Det(Z) s{x ^® ld ^ z \ Dct(X © Y) (g) Det(Z) 



id Det(x) ®,S(Y,,Z)j 

Det(X) Det(Y Z) 



5(jf,y©z) 



Detpf © Y © Z) 



(8.1) 



commutes. We would like to extend this construction to Fredholm pairs. 

Let X G Gr(if) be finite dimensional, and let (V, W) € Fp(iT) be such that X n V = (0). The 
isomorphism 

S(X, (V, W)) : Det(X) ® Det(V, W) -> Dct(X + V, W). 
is induced by the exact sequence 



V 



v+w x+v+w 



0. 



(8.2) 



More precisely, if (X, V, VF) denotes the above exact sequence, S(X 7 (V, W)) is defined to be the 



isomorphism 



\x,V,W) 



from section [SJ where 



J = {1,3,4}, (j(di,d2,d3,di,ds) = (-1) 



d 3 d2+d 5 (d 4 — d s ) 



(8.3) 



The reason for this choice of the sign is that the above exact sequence can be seen as the exact 
sequence associated to the composition of two Fredholm operators. Indeed, let 

R = Rx,(v,w) :V®W ^ (X + V)®W 

be the inclusion, and let 

T = T x ,(v,w) ■ {X + V) © W -> H, (v,w)^v-w, 

be the difference mapping. Then R and T are Fredholm operators, and the exact sequence (|7.4[) 
associated to their composition is precisely 







0- 



H 



H 



V+W 



X+V+W 







O^keriZ^kerTi?- 



■ ker T ■ 



■ coker R >■ coker TR — >■ coker T — *■ 0. 



The choice of the sign in (|8 . 3[) is the same as the one in (|7.6 



Analyticity of the sum. Consider the set 



S(H) := J (X, (V, W))e(\J Gr„ !OC (i/)) x Fp(if) \XnV=(0)\ 



and the analytic map 



a : S(H) -> Fp(ff), (X, (V, W)) i-> (X + V, W). 
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The space S(H) is the base space of the analytic line bundle Det(£>) — > S(H), whose fiber at 
(X, (V, W)) is Det(Af) ® Det(V, W). The collection of the isomorphisms (V, W)) defines a 
bundle morphism 

S : Bet{S{H)) -» Det(Fp(#)), 

which lifts the map s. We can use the fact that the composition of Frcdholm operators has an 
analytic lift to the determinant bundles to show that the above bundle morphism is analytic. 
Indeed, the diagram 

, s / s S(X,(V,W)) 

Det(X) <g> Det(V, W) ^ Det(Z + V, W) 



Det(i?)* <g> Det(Ti?) ^ Det(T) 

commutes, and the lower isomorphism is induced by the inverse of the composition lift tensorized 
by the identity on Det(i?)*. 



Associativity of the sum. The operation S is associative, meaning that if X, Y € Gr(iJ) are 
finite dimensional, (V, W) € Fp(F), and X C\Y = (X + Y) C\V = (0), then the diagram 

Det(X) ®Det(Y) ®Det(V,W) ld<g > s ^ Y ' ( - v - w ^\ Det(X) <g> Det(F + V, W) 



S{X,Y)®\d 



Det(X + Y) ® Det(V, VF) 



s(jc+y,(v,w)) 



S(X,(Y+V,W)) 



Bet(X + Y + V,W) 



commutes. This follows from the associativity property for the composition lift of Fredholm 
operator and from the commutativity of the diagram 



V ®W ■ 

Rx +Y,(V,W) 

(X + Y + V)® W; 



(Y + V) © W 



t x,(Y + v, v\n 



L Y,{V,W) 



1 X + Y , ( V, W ) — ± X , ( Y + V, W ) 



H. 



9 Orientation bundles 

The determinant bundle over the space of real Fredholm operators is often used in global analysis 
to orient a finite dimensional manifold, which is obtained as the zero set - or more generally as the 
inverse image of some other finite dimensional manifold - of some nonlinear real Fredholm map. 
See for instance [FH93] . Similarly, the determinant bundle over the space of Fredholm pairs can 
be used to orient finite dimensional submanifolds which are obtained as transverse intersections 
of infinite dimensional manifolds. See ;A M05] for applications of the objects introduced in this 
section to infinite dimensional Morse theory. 

The advantage of using determinant bundles for these kind of problems lies in the associativity 
property. See also |Pej07| for other approaches to the orientation question. 

The orientation bundle over the space of Fredholm pairs. Throughout this section we 
assume that the Hilbert space H is real, so that the determinant bundle over Fp(if) is a real line 
bundle. Its Z2-reduction defines a double covering 

Or(Pp(fl)) -» Fp(tf), 

whose fiber at (V, W) £ Fp(H) is the quotient 

Or(V, W) := Det(V, W) \ {0}/ ~, where £ ~ r? iff £ = Ar? with A > 0. 
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Such a Z2-bundle will be said the orientation bundle over Fp(H). Since the determinant bundle 
is nontrivial over each connected component of Fp(H) - except the two trivial ones - so is the 
orientation bundle. Since in the real case the fundamental group of each connected component of 
Fp*(H) is Z 2 (see Theorem^, Or(Fp*(H)) -> Fp*(H) is the universal covering of Fp*{H). If 
(V, W) £ Fp(H), X S Gr(iJ) is finite dimensional, and X DV = (0), then any orientation of two 
of 

X, (V,W), (X + V,W), 

determines, by the isomorphism S(X, (V, W)), an orientation of the third one. By the properties 
of S, this way of summing orientations is continuous and associative. 

Co-orientations. Let V, W £ Gr(H), W a compact perturbation of V. If V is a linear com- 
plement of V in H, then (W, V) is a Fredholm pair (by Proposition 13. Moreover, the set 

C(W, V) := {(W, V) | V is a linear complement of V in H} 

is contractible, being homeomorphic to the Banach space L(V' L , V). In particular, the restriction 
of the orientation bundle of Fredholm pairs to C(W, V) is trivial, and we can give the following: 

Definition 9.1 Let W be a compact perturbation ofV. A co-orientation of (W,V) is the choice 
of one of the two continuous sections of the trivial double covering 

Or(Fp(tf))| cwv0 . 

If H is endowed with a preferred inner product, we can identify a co-orientation of (W, V) 
with an orientation of (W, V- 1 ), hence with an orientation of the finite dimensional space (W D 
V ) © (W 1 - fl V). It follows that the concept of co-orientation is symmetric, meaning that a 
co-orientation of (W, V) canonically induces a co-orientation of (V, W). 

The set of the two co-orientations of {W,V) is denoted by coOr(V, W). These sets are the 
fibers of the co-orientation bundle coOr(iJ), a double covering of the space 

{(W, V) e Gt(H) x Gt(H) I W is a compact perturbation of V^} . 

If we restrict this double covering to the Grassmannian Gr c (V, H) of compact perturbations of a 
fixed V € Gr 00!00 (iJ), we obtain a nontrivial Z2-bundle 

coOr(Gr c (V,fl-)) -» Gr c (V,H), 

called the co- orientation bundle over Gr c (V, H). By Theorem 13.31 this is the universal covering of 
Gr c (V,H). 

Induced orientations and co-orientations. Now let (V, Z) be a Fredholm pair, and let W 
be a compact perturbation of V. We know from Proposition 13.11 that {W, Z) is also a Fredholm 
pair. Let us show how the choice of two among the following three objects 

o {ViZ) eOr(V,Z), o {WtZ) eOv(W,Z), co {w>v) ecoOv(W,V), (9.1) 

determines the third one. The argument mimics the proof of Proposition 13. II 

The pair (W, Z) is Fredholm if and only if the operator P z ± \w G F(W, Z- 1 ) is Fredholm, and 

Bet(P z ±\ w ) = Det(WnZ)®Dct(Z ± /P z ±W) = Bet(W n Z) ® Det(H/(W + Z)) = Vet(W,Z), 

where we have used the fact that P Z ±W + Z = W + Z. Since W is a compact perturbation of V, 
we can apply the above facts to the Fredholm pair (V, PF -1 ), obtaining that -FVlv € L(V, W) is 
Fredholm and 

Det(PvHv) = Det(V r ,W rJ ~). 



28 



By (|3.2p we have 

P Z ± W = P Z ± \w oP W \v + ° (Pv - Pw)W- 

The last term is a compact operator, so Pz± |y is a compact perturbation of the composition T : = 
P z ± \ w ° -Pw|v- Using the composition lift isomorphism given by (|7.5p . we obtain an isomorphism 

Det(T) = Det(iVk) ® Bet(P z ± \ w ) = Det(V, W 1 -) ® Det(W, Z). 

Since L c (y,Z J -) is simply connected (it is actually contractible) , an orientation of Det(T) de- 
termines an orientation of Det(T') for each compact perturbation T' of T. In particular, an 
orientation of Det(T) determines an orientation of 

Det(P z ±\ v ) = Det(V,Z). 

Therefore an orientation of 

Bet(V,W ± )(g>'Det(W,Z) 

determines an orientation of Det(V,Z). We conclude that the choice of two among the three 
objects in (|9.ip determines the third one. 

If we exchange the role of V and W in the above construction, we still get the same way of 
inducing orientations. This follows from the fact that the diagram 




commutes up to compact perturbations. Moreover, the way of inducing orientations does not 
depend on the choice of the Hubert product. 

Here is a typical application of this construction: We are given a Hilbert manifold ^ with 
a preferred linear subbundle "V of the tangent bundle I . // . Then we have two submanifolds W 
and 2? of such that for every pef the tangent space of W at p is a compact perturbation 
of Yp, whereas for every p G 3f the pair (T p 3f,'fp) is Fredholm. Then a co-orientation of T2f 
with respect to V and an orientation of (T2f, Y) determine an orientation of the Fredholm pair 
(TW, T3f), at every point in the intersection W n 2? . If moreover this intersection is transverse, 
such an orientation is an orientation of the finite dimensional manifold W n 2? . See [AM05J for 
an application of these concepts to infinite dimensional Morse theory. 



Associativity. Let V, W, Z be as before, and consider a compact perturbation Y of Z. Then 
also (V, Y) and (W, Y) are Fredholm pairs, and we can consider six elements 

aeOr(V,Z), beOr(V,Y), c€Or(W,Z), d^Ov{W,Y), 
e e coOr( V, W), f £ coOr(F, Z) , 

to be associated with the edges of the tetrahedron with faces {a, c, e}, {a, b, /}, {b, d, e}, {c, d, /}: 




Then associativity can be stated in this way: If we are given five of these elements in such a way 
that the two triplets corresponding to the complete faces in the above tetrahedron are compatible, 
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then there exists a unique element to be put on the remaining edge which makes also the triplets 
corresponding to the remaining faces compatible. 

In order to prove this fact, we may choose the Hilbert product in such a way that Y - hence 
also Z - is a compact perturbation of the orthogonal complement of V - hence also of W. The 
choice of the orientations for the triplets associated to the four faces is determined by the following 
four compositions of Fredholm operators 

By the canonical isomorphism between the determinant line of a Fredholm pair and the deter- 
minant line of the pair consisting of the orthogonal complements, we may replace the last two 
compositions by the compositions 

Z ± ^ Y ± ^ V, Z ±P ^Y^ ^ W. 
Then the claim follows from the fact that the diagram 




commutes up to compact perturbations, together with the associativity property for the compo- 
sition of Fredholm operators lifted to the determinant bundles. 



Final remarks. Let us consider again the case of a Fredholm pair (V, Z) and of a compact 
perturbation W of V, and let us make some comments on the argument following (|9.ip . 

Notice that the compact operator P z ± o (P v — Pw)\v vanishes if and only if P W ±V C Z. 
In this situation, P z ±\v coincides with the composition T, and there is a natural isomorphism 
already at the level of determinants, 

Det(F, Z) = Det(F, W^) ® Det(W, Z). 

This isomorphism is induced by the exact sequence (|7.4[) . which in this case is 

o^vnw ± ^vnz^wnz^^-% ± >^^^o. 

P W V Pz^PwV P z ± w 

In particular, if X is a finite dimensional subspace such that X n V — (0) and W = X + V , the 
above exact sequence reduces to 

o^o^vnz ^ (x + v)nz ^ ^-JX « x -> -> - -» o. 

v ' v P Z ±V P Z ±{X + V) 

Since P Z ±V + Z = V + Z, we have natural isomorphisms 

Z 1 - H Z 1 - H 



P Z ±V V + Z' P Z ±(X + V) x + v + z 

Therefore, the above exact sequence is the one inducing the isomorphism 

S(X, (V, W)) : Det(X) Det(V, Z) = Det(X + V, Z). 

Hence, the way of inducing orientations presented in this section agrees with the sum construction 
of section [5] 
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A Appendix - Sections 



A continuous linear surjective map T : E — > F between Banach spaces has a continuous linear 
global section, that is a continuous linear map S : F — ► E such that TS = 7f, if and only if 
the kernel of T has a direct summand in E. For instance, the quotient projection £°° — > £°°/co, 
where denotes the Banach space of bounded sequences, and Co denotes the closed subspace of 
infinitesimal sequences, has no continuous linear right inverse. Indeed, Co does not have a direct 
summand in t°° (see footnote |2J. 

However, Bartle and Graves |BG52] have shown that it is always possible to find a nonlinear 
continuous right inverse of T . In general, such a global section will not be Gateaux differentiable at 
any point (otherwise its differential would be a linear global section) . The existence of a continuous 
global section could be seen as a consequence of more general selection theorems by Michael (see 
Mic59] and references therein, or |Pal66j . Theorems 10,11). The aim of this appendix is to show 
a direct proof of this fact. 

Proposition A.l Let T : E — > F be a continuous linear surjective map between Banach spaces. 
Then there exists a continuous map s : F i— > E which is a global section ofT. 

Proof. Since T is onto, by the open mapping theorem the quotient norm 

INI : = mf {\\v\\e I Ty = x} 

is equivalent to the norm of F. We will use such a quotient norm to define the uniform norm 
|| • || oo of a F-valued map. Set S := {x G F \ \\x\\ = 1}. 

Claim. If * : S — > F is continuous and bounded, there exists <E> : S — > E continuous such that 
||*||oo < ||*IU and ||T$ - flU < (1/2)11*1100. 

For every x G S, let U(x) be an open neighborhood of x such that H^a;') — *(a;)|| < || v I'||oc/4 
for every x' S U{x). Let {T^j-ie/ be a locally finite open refinement of {U(x)} xe sy and let {ipi}i e i 
be a partition of unity subordinated to it. For every i 6 7, let Xi G Vi, and choose G E such 
that Ty t = (2/3)* (a*), IMe < ||*||oo- Define $ : S -» £ as 

Then ||$||oo < sup JG7 ||^|| E < ||*||oo, and if x G 5, 

T*(x) - 9(x) = Y, Vi(x)[Tyi - = | E - *(*)] ~ \*(x), 

iei iei 

||T$(X) - *(*)|| < | SUp ||*(Xi) - *(X)|| + i||*|U < i||*||oo + ~||*||=o = hnoo, 

proving the claim. 

Applying the above claim iteratively, starting from the identity map, we obtain a sequence of 
continuous maps $„ : S — > 75, n > 0, such that 



hence 



*J oo < 2~ 



< 2" 



fe=0 

Therefore, the series X^^Lo ( ^ >n converges uniformly on S to a map which lifts the identity, and the 
map 

s(x):=\\x\\Y^n(^jr), «(0) = 0, 

n=0 Vll X ll/ 

is a global section of T. □ 
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Remark A. 2 From the existence of the global section s, it follows easily that every continuous 
linear surjective map T : E — ► F admits a natural structure of a trivial C° vector bundle over F, 
and the map x ^ \\x — s(Tx)\\e is a Finsler structure on such a vector bundle. 

B Appendix - Associativity 

Consider the Fredholm operators T, G Yv{H il H i+ i), 1 < i < 3. We wish to prove that the diagram 
Dct(Ti)®Dct(T 2 )®Dct(T 3 ) im4 " r ^ ) Det(Ti) ® Det (T 3 T 2 ) 



PT!,T 2 C 



Det(T 2 Ti)®Det(T 3 ) Det(T 3 T 2 Ti) 

commutes. 

Given 1 < i < j < 4, set = Tj_i o • ■ • o T, € Fr(Hi,Hj). Using the left and right action of 
the general linear group, we are reduced to consider the following situation: 

h<i<k h<i 
k>j 

where the space Hhk, 1 < h < k < 4, has finite dimension dhk, except for H14 which is infinite 
dimensional. Then 

kevTij= H hk , coker T ij = H hk . 

he[l,i] he[i+l,j] 

ke[i,j-i] key A] 

Fix l<i<j<£<A. The exact sequence associated to the composition Tn = Tj£ o TJy is 

>■ ker Tij s- ker Ta > ker T je ^ coker T t j coker Tu > coker Tjt — 



H hk Hhk H hk Hhk Hhk H hk 

he[i,i] he[i,i\ he[i,j] *~ he[i+i,j] "**fce[i+M] hetf+M] 

fee[»,j-i] ke[i,e-i] ke[j,e-i] ke[j a] ke[tA] ke[£A] 



Denote by 6hk a generator of Det(Hhk), for (h,k) 7^ (1,4), and given two sets of consecutive 
integers I,Jc {1, 2, 3, 4}, set 

©/ - A A ^ 

he / fee,/ 

where we are considering the standard order in each wedge product. Let us show that the com- 
position morphism 

(hii,T jt ■ Det (I*,-) <8> Det(T^) -» Det(T«) 

equals 

Wjflf • u [l,i] <X1U [i+lJ] ^ U [l,i] Q9U [j+l,^] V ^ U [l,i] ^ U [i+M] ' 

where the coefficient a(i,j,£) is to be determined. Notice that: 

(i) If we want to change the generator ©n'^i ^ of Det(kerTi£) into 9K 1 ' A ©m'! we have to 
exchange the position of 8hk and if and only if h < h' , k G [j, ^ — 1], and k' G [i, j — 1] . 
Therefore, 

U [M] _ ^ > A u [i,»] ' 

where 

o-i(i,jJ)= ^2 dhkdh'k'- 

l<h<h'<i 

ke[j,e-i] 
fc'e[*,j-i] 



32 



(ii) The generator ejM, 11 of Det(kerT^) can be rewritten as ©rj'l ^ A ©u^ Therefore, 



Vj] ~ 1 lj u [*+i,j] A U [M] 



where 

(r 2 (i,j,£)= ^2 d hk d h f k f. 

he[l.i] 

h'e[i+i,]] 

k,k'e[j,l-l] 

(iii) Arguing as in (i), the generator ©E^ of Det(coker Ty) can be rewritten as 

U [i+lj] - I / W [i+l,i] AO [i+ljp 

where 

&3(i,j,t)= X! d hk d h > k '- 

i+l<h<h' <j 

(iv) As in (ii), the generator ^ of Dct(cokerX^) can be rewritten as 

e^ = (-ir ( ^egf M Ae[iS J]> 

where 

ct 4 (z, j, £) = 2^ dhkdh'k'- 

he[i+ij] 

h'e[j+i,e] 
fe,fe'e[i,4] 

Then formula (|7.5p implies formula (|B.2[) with 

<r(i,3,t) = <r (i,j,i) + <Ti{i,j,£) + (T2(i,j,i) + (T3{i,jA) + <ri(i,j,i), 

where 

CTo(i, j, := (dimker Tj J +dimkerT,^)(dimcokerT^+dimcokerT^) = dhkdh'k' (mod 2). 

he[X,i] 

fc'e[M] 

Formula (|B.2[) implies that the diagram (|B.1[) commutes up to the sign 

/•j\CT(l,2,3)+<r(l,2,4)+<7(l,3,4)+<r(2,3,4) 

so we have to show that the above exponent vanishes modulo 2. The following computations are 
modulo 2. We have 

vo(i,j,t) + &2{i, = dhA'k', 

he[l.i] 

fc'e[j,4] 

and summing over the four possibilities for (i,j,£) we obtain 

(To + cr 2 )(l,2,3) + ( < T + cr 2 )(l,2,4) + ( ( T + CT2)(l,3 ! 4) + ((7o + o-2)(2,3,4) = d 13 (fe+cfecfes + ^3^34- 

(B.3) 
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The range of the sum defining o~\(i,j,€) is always empty, except for the case i = 2, j 
so we have 

(7i (1, 2, 3) + <ti(1, 2, 4) + (7 X (1, 3, 4) + CTl (2, 3, 4) = ^(2, 3, 4) = d 13 d 22 . 

The range of the sum defining a 3 (i,j,£) is always empty, except for the case i = 1, j 
so we have 

(73 (1,2, 3) + (73(1,2, 4) + a 3 (1,3,4) +<r 3 (2,3,4) = <j 3 (1,3,4) = d 24 d 3 3. 
Finally, taking the sum of (7 4 (i,j, £) over the four possibilities for we obtain 

<7 4 (1, 2, 3) + (7 4 (1, 2, 4) + (7 4 (1, 3, 4) + C7 4 (2, 3, 4) = d 23 d 3 3 + d 23 d 3 4 + d 24 <Z 3 3 
Taking the sum of (|R3|) . (|lT4|) . (jB3]> . and (jB~6f . we find 

o-(l, 2, 3) + (7(1, 2, 4) + ct(1, 3, 4) + a(2, 3, 4) = 0, 

as wished. 

References 

[AM01] A. Abbondandolo and P. Majer, Morse homology on Hilbert spaces, Comm. Pure Appl. 
Math. 54 (2001), 689-760. 

[AM05] A. Abbondandolo and P. Majer, A Morse complex for infinite dimensional manifolds - 
Part I, Adv. Math. 197 (2005), 321-410. 

[Arb02] E. Arbarello, Sketches of KdV, Symposium in Honor of C. H. Clemens, Contemp. Math., 
vol. 312, Amer. Math. Soc, 2002, pp. 9-69. 

[AS69] M. F. Atiyah and I. M. Singer, Index theory for skew-adjoint Fredholm operators, Inst. 
Hautcs Etudes Sci. Publ. Math. 37 (1969), 5-26. 

[BDF73] L. G. Brown, R. G. Douglas, and P. A. Fillmore, Unitary equivalence modulo the compact 
operators and extension of C* -algebras, Proceedings of a Conference on Operator Theory 
(P. A. Fillmore, ed.), Lecture Notes in Mathematics, vol. 345, Springer, 1973, pp. 58-140. 

[BF86] J-M. Bismut and D. S. Freed, The analysis of elliptic families. I. Metrics and connections 
on determinant bundles, Comm. Math. Phys. 106 (1986), 159-176. 

[BG52] R. Bartle and L. M. Graves, Mappings between function spaces, Trans. Amer. Math. Soc. 
72 (1952), 400-413. 

[Bot59] R. Bott, The stable homotopy of the classical groups, Ann. of Math. 70 (1959), 313-317. 

[CJS95] R. L. Cohen, J. D. S. Jones, and G. B. Segal, Floer's infinite-dimensional Morse theory 
and homotopy theory, The Floer memorial volume (H. Hofer, C. H. Taubes, A. Weinstein, 
and E. Zehnder, eds.), Birkhauser, Basel, 1995, pp. 297-325. 

[CPR93] G. Corach, H. Porta, and L. Recht, The geometry of spaces of projections in C* -algebras, 
Adv. Math. 101 (1993), 59-77. 

[Dol63] A. Dold, Partitions of unity in the theory of fibrations, Ann. of Math. (2) 78 (1963), 
223-255. 

[Dou98] R. G. Douglas, Banach algebra techniques in operator theory, Springer, Berlin, 1998. 

[FH93] A. Floer and H. Hofer, Coherent orientations for periodic orbit problems in symplectic 
geometry, Math. Z. 212 (1993), 13-38. 



= 3,^ = 4, 

(B.4) 

= 3, £ = 4, 

(B.5) 
(B.6) 



34 



[Fur04] K. Furutani, On the Quillen determinant, J. Geom. and Phys. 49 (2004), 366-375. 

[Gue97] M. Guest, Harmonic maps, loop groups, and integrable systems, Cambridge University 
Press, Cambridge, 1997. 

[Jos02] J. Jost, Riemannian geometry and geometric analysis, third cd., Springer, Berlin, 2002. 

[Kat80] T. Kato, Perturbation theory for linear operators, Springer, Berlin, 1980. 

[Kui65] N. H. Kuiper, The homotopy type of the unitary group of Hilbert space, Topology 3 
(1965), 19-30. 

[LT77] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces, I, Springer, 1977. 

[Luf67] E. Luft, Maximal R-sets, Grassmann spaces, and Stiefel spaces of a Hilbert space, Trans. 
Amer. Math. Soc. 126 (1967), 73-107. 

[Mic59] E. Michael, Convex structures and continuous selections, Canad. J. Math. 11 (1959), 
556-575. 

[Pal65] R. S. Palais, On the homotopy type of certain groups of operators, Topology 3 (1965), 
271-279. 

[Pal66] R. S. Palais, Homotopy theory of infinite- dimensional manifolds, Topology 5 (1966), 
1-16. 

[Pej07] J. Pejsachowicz, Orientation of Fredholm maps, J. Fixed Point Theory Appl. 2 (2007), 
97-116. 

[PS86] A. Pressley and G. Segal, Loop groups, Oxford University Press, Oxford, 1986. 

[Qui85] D. Quillen, Determinants of Cauchy-Riemann operators over a Riemann surface, Func- 
tional Anal. Appl. 19 (1985), 31-34. 

[Sat81] M. Sato, Soliton equations as dynamical systems on an infinite dimensional Grassman- 
nian manifold, Kokyuroku, Res. Inst. Math. Sci. Kyoto Univ. 439 (1981), 30-46. 

[Shu96] M. A. Shubin, Remarks on the topology of the Hilbert Grassmannian, Amer. Math. Soc. 
Transl. 175 (1996), 191-198. 

[Ste51] N. Steenrod, The topology of fibre bundles, Princeton Univ. Press, Princeton, N.J., 1951. 

[SW85] G. Segal and G. Wilson, Loop groups and equations of KdV type, I.H.E.S. Publ. Math. 
61 (1985), 5-65. 

[Zha94] S. Zhang, K-theory and homotopy of certain groups and infinite Grassmann spaces as- 
sociated with C* -algebras, Internat. J. Math. 5 (1994), 425-445. 



35 



